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Pa3zgea ||. Tedyenue uaeaabHOM KUIKOCTH.
1. PaBHOBecHE HEC)KUMAEMOM KHUAKOCTH
B nokosimieticst sxuakoctu V, = 0 1 ypaBHeHHe Diifiepa M ONMCHIBACT YCIOBUS PABHOBECHS .

Ip_ rf.
91x;
PaccmoTpum mpocreiiime npuMepsl penieHust TOT0 YpaBHEHHUS.
a) Hecxxrmaemast sKuIKOCTh ' = CONSt OKOMTCS B OTHOPOHOM ToJie Tsbkectd f, =g .
OnpeaenuTh JaBIeHUE B KUIKOCTH.
B cucreme xoopaunar OXY Z, B kotopoii ocb OZ HanpaBieHa BepTUKaIbHO BHU3 J; = {0, 0, 9} ;
ypaBHEHUs Dilyiepa UMEIOT BU:
T_, . Tp
™®“ ., v 9z
Pemrenue cuctemMbl TPHBUAIBHO U IMEET BHJL:
p(x,y,2)= p,+rgz.

0) OnpenenuTh PaBHOBECHYIO (JOPMY TOBEPXHOCTH JKUIAKOCTH, BPAIIAIOIIEHCS KaK TBEPIOE TEJI0
C YIJIOBOM CKOPOCTBIO (» U JAABJIEHUE BHYTPH KUIKOCTH. ONpeneauTs CUly, JeHCTBYIONLYIO Ha

HEOO0JIbIIIOE TEJIO, BPAILIAIOLIEECs] BMECTE C KHUJIKOCTBIO.
Jlnst onpeneneHuss paBHOBECUs JKHUJIKOCTH, BpAIIAMOIIECHCS B OAHOPOJAHOM IIOJE TSKECTH,
BOCIIOJIb3yEMCS ypaBHEHHEM Diliiepa

1
L rr L r
AL + 2wy = - 1Np+ g
m 2 r :
™
MBI paccMaTpUBaEM CTAMOHAPHOE TEYEHHUE, OITOMY |t . Pacnipenienenue ckopocteil TeueHus

1 [ r Lr,rr
JKUAKOCTU — TBEPAOTENIbHOE V = [WXF], YCKOpEHHE CBOOOIHOTO IMaJICHUsI MIOCTOSTHHO - J = N(g >‘T)

1L Lagp O
U IJIOTHOCTH KMUAKOCTH MOCTOAHHA [ lrg.

[Ipu TBEpAOTENBLHOM BpAIlCHUHU

U ypaBHeHHe Diliepa MOXKHO IPUBECTU K BUJLY:
C 2
N?’— Py
r

. (r r)('_)'_

gx)z=0

Bribepem cucreMy KoOpAMHAT Tak, YTOOBl MOBEPXHOCTh JKUJKOCTH, BpallaloOIIENCs BOKPYT
BepTUKanbHON ocn OZ mpoxoania yepe3 Hayajao KOOPJMHAT, TaK YTO JIaBICHUE B ATOH TOYKE PaBHO

aTMoc(hepHOMY: p(O) = Po. UnTerpupoBanue ypaBHeHHUs Diliepa Npy TaKOM YCJIOBUH JA€T:

rve(x,y,z) gz

p(x,y.2) = p, + > |

WJIH, YUYUTBIBASA 3aBUCUMOCTD BEJIMYMHBI CKOPOCTH OT KOOPJAMUHAT.

N rwz(x2 + yz)

p(x.y.2) = p, 5

-rgz
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I[J'ISI OIIPCACIICHUC BBIT&J'IKI/IB&IOIH@ﬁ CHJIBI T. €. CYMMBI TIOBEPXHOCTHBIX CHUII, )IGI\/IICTBYIOIHI/IX Ha T€JIO,
HGO6XOI[I/IMO BBIYHMCJIMTh UHTCTPAIL:

! r
F = - ¢gypds

(7]

[TpeoOpa3yst MOBEPXHOCTHBINM UHTErPajl K 00bEMHOMY U BBITIOJIHSAS HHTETpUpoBaHue (1o Teopeme
0 CpeIHEM), U MAJIOTO 00beMa MOJTyUnM:

- rVwx
r ‘E .I.
F(x,y,z)=- (Npdu={ - r WPy
v 1 rvg

2. CtaunoHapHoe o0TeKaHue TeJja
Paccmotpum 6e3BUXpeBOE CTAIlMOHAPHOE TEUYCHHE HICATBLHON HEC)KMMAEMOM >KMIIKOCTH, TPHU

r_1 .r
w=—=rotv°0 .
KOTOPOM 2 BO BCEM IIPOCTPAHCTBE. Takoe IBMKEHHE MOYKHO ONMCATH €IMHCTBEHHOM
CKaSIpHOM (yHKUMEH - MOTEHIMAJIOM CKOPOCTHM TEYEHHs KHUJIKOCTH, ONpEeeNsiomel MmoJe
L.
ckopocreit: V=N] . Cucrema ypaBHEHHI COIEPKUT [(Ba YPaBHEHHS - HENPEPHIBHOCTH M Diijepa,

KOTOPBIC ITPH CACITAHHBIX MPECAIIOJIOXKCHUAX B OTCYTCTBHC 00BEMHBIX CHUJI HMEIOT BU/.

Dj =0

[ 2 e

Nai+ pg:O
2 g .

Wurerpan ypaBHenusi Oiinepa (uHTerpan bepHy/UHM) MO3BOJISET ONPENCIUTh JaBlICHUE B

KUIKOCTH TIO 33IaHHOMY PaCIPEICIICHUI0 CKOPOCTEH
2

rv
p+7:C0n$

Taxum o6pa30M, npu CACITAHHBIX MPCAMNOJOXKCHUAX IJId IIOJHOIO PCIICHHA 3aJadrd AOCTAaTOYHO
JIMIOb YpaBHCHUA HEIIPEPBLIBHOCTH

D =0,

KOTOpO€ He0OXO0IMMO TOTIOJHUTh FPAHUYHBIMU YCIOBHUSIMHU.
PaccmoTpum 1Ba npumepa TeUEHUs HECKUMAEMOMN KHUJIKOCTH.

1) Oémexanue wapa cmayuoHapHvimM HOMOKOM

[TycTh MOTOK KHIKOCTH JBMXKETCSI C TIOCTOSIHHOW CKOPOCTBIO Baosb ocu OZ. [loteHmman moms
CKOPOCTEi HEBO3MYILIEHHOTO MOTOKA (B OTCYTCTBHE IlIapa) OMPECTHM BbIPAKCHUEM

i (D= (\'/rr):Vr cosJ .

Ecmu B KUJAKOCTHU HAXOAUTCA 1Iap paanyca a, HCHTP KOTOPOro COBIaaacT ¢ Ha4aJIOM KOOpJAWHAT,
TO OH BO3MYMIACT IMOTOK XHUAKOCTH. BYJIGM CUHUTATh BO3My1H6HHBII\/’I IMOTOK YCTAaHOBHBIIUMCA H
663BI/IXp6BBIM. B »Tom ClIydyac IOTCHIHAJ IT0JIA CKOpOCTeI\/’I MOXET OBITh MMpEaACTaBJICH B BHUAC

CYMMBI.
i (F)=3o(r)+j,(r),
rac ] 1(;‘) - INOTCHIIMAJI BO3My1HeHI/IH, CcO31aBacMoro IHapOM. HOTGHIII/IaJ'I BO3MYHICHI/15[ CKOpOCTI/I
YIOBJIETBOPSET ypaBHeHUIO Jlaruaca
Dj ,=0.
[IpeamonoxuM, YTO BO3MYIICHHE IOTEHIIMAIAa CKOPOCTH IIapoOM MPEHEOPEeKHMMO Maylo Ha
OOJIBIINX PACCTOSHHUAX, TaK UTO j 1(;)® O mpu r>>a. IloBepxHocTh mapa OymeM CUMTATh
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HEIIPOHMIIAEMOM I KUJKOCTH, TaK YTO pajauaibHas KOMIIOHEHTAa CKOPOCTHM Ha IOBEPXHOCTH
11apa o0paaeTcs B Hyjb. DTO IPUBOAUT KO BTOPOMY I'PaHUYHOMY YCJIOBHUIO

. | . |
LA r
Hpennonaras{, qTo BO3MyH16HHOG TCUCHHUC XHUJIKOCTHU TAKXC KAaK U IBMXCHHC HeBO3MyH16HHOFO

IMOTOKaA ABJIACTCA aKCUAJIbHO-CUMMCTPUYHBIM, I IOTCHIHMAJIa BOSMYIICHHA ITOJTYYHUM YPABHCHUC (B
cepryecKux KOOpIMHATAX)

=- VcosJ

r=a

T+
TE rg snd W& ‘HJra

Pemienue ypaBHEeHHSI METOJOM pa3/IeICHHUs IEPEMEHHBIX
i4(r9)=R(r)QQ)
MPUBOJIUT K CJIEAYIOIIEMY YPABHEHUIO JIJIs1 YTJIOBOM YaCTH:

L V&5 1R0. g
st 1 e YUg

rac C - xoHCTaHTa pasaciCHud NICPECMCHHDBIX.

NeeM,0, 1 T ;9.0

Penrenne Oymer peryispusiM mpu C = n(n+1) U YJIOBJIETBOPATh I'PAHMYHOMY YCJIOBHIO Ha

MOBEPXHOCTH MMapa npu n=1:

Q(J)=cosJ .
COOTBETCTBEHHO, paJHalIbHOE YPaBHEHHUE I BOSMYIIEHUS HMEET BT
d dR
— & —9- 2R=0
dr e ar g ,

U €ero peuieHue MOXeT OBITh TOJYyYeHO TMOACTaHOBKOM R = ArS. Pemenue ypaBHeHus,
YIOBJIETBOPSIIOIIEE YCIOBUIO YOBIBAHUSI BO3MYIIIEHUS HA OCCKOHEYHOCTH, CYIIECTBYET IPH S=-2 .

Takum o00pa3zoMm, BO3MYyIIEHHE IOTEHIMaNa, CO34aBAa€MO€ HEMPOHULAEMBbIM ILIAPOM 3a/JaHHOTO
paauyca UMEET BHI:

j,(r,d)=Ar?cosJ,

a KoHcTaHTa A OIPCACIIACTCA U3 YCIIOBUA Ha ITOBEPXHOCTHU IIapa

. I
W ,{r) ﬁr(r) =-2Aa®cos] =-V cosJ

u paBia A=Va®/2. Orcrosa OKOHYATENILHO TOTYy4aeM BHIPAKEHHS IS TIOTEHIIMAIA BO3MYIIEHHUS

KUIKOCTHU
. V
i 1(r,\]):?a(a/r)2 cosJ
4 Takoke N01E BO3MYLUCHHS BEKTOPA CKOPOCTH (B chepuuecKux KOOpAMHATAX)
§=Nj ,(r,3)=-V(a/r)}cosd, sind/2, o} .

3TO IIO3BOJIACT onpe)leJme pacnpeneneHHe JOABJICHUS HaA HOBerHOCTI/I mapa
2
rv,

0 gi 9gn239
4 g,

Tak xak pacupeaciicHue AaBJICHHUA CUMMCTPHYHO OTHOCHUTCIIBHO BKBaTOpI/IaJ'IBHOI\/'I IIJIOCKOCTH

p|R =Pt

rac po— AaBJICHUEC B HCBO3MYIIICHHOM IIOTOKCE.

J =p/2, To cymmapHOe cHII0BOE BO3/IEICTBHE TIOTOKA HAEANbHON HEC)KMMAEMOH JKHIKOCTH BOIb

HalpaBJICHUs [IBMKECHUSI OKAa3bIBA€TCS pPaBHBIM HYJO. TO €CTh, BO3JEHUCTBUE JBHKYILIEHUCS
JKHMIKOCTH Ha HEMOBMIKHBIN map (WK BO3JACHCTBUE )KUIKOCTH Ha IIap, IBWXKYIIEHCS B HEll) paBHO
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HyJI0. OTOT pe3yiapTaT (OpMaibHO MOXHO IOJIYYHUTh, BBIYMCISAS BO3JEHUCTBUE IOTOKA Ha
AJIEMEHTApHYIO IJIOWAAKy ds Ha MOoBepXHOCTH ceprl. B cuimy akcuambHOM CUMMETpPHHM MOTOKa

KHUIKOCTH CHJIa, IEHCTBYIOIAs Ha cepy, MOXKET ObITh HallpaBJIeHa TOJIBKO BIOJIb OCH OZ :
dF, =- p|.(3)cosdds |

BrInonHss MTHTErpupoBaHUE 110 BCEH MOBEPXHOCTH C(ephl, MOTyUUM
p
F,=-2pR*().(I)cosIsinddi =0
0 .

Ot0T 3¢ ekt HazpIBaeTCs napadokcom /lanamoepa.

B cucreme otcuera, riae KHUAKOCTb IOKOUTCS, IIAp JIBUXKETCS C IMOCTOSHHOW CKOPOCTHIO.
Wurepnperanus napajgokca JlanamOepa B 3TOW cUCTEME CBOAMUTCS K YTBEPKACHUIO, YTO HAealbHAast
HEC)KMMaeMasi KHUIKOCTh (IMPU MOTCHIUATBHOM OOTEKaHMM) HE OKa3bIBACT COIMPOTHBICHUS
JBWOKYIIEMYCS I1apy.

IIpucoenuHenHas macca

Bo3mylieHre moToka ®HIKOCTH MapoM U3MeHseT (YBEIHYMBACT) KHHETHYCCKYIO SHEPIHIO 3TOTO
noToka. DhdeKT yBenudeHuss KWHETHUECKOW SHEPTUH MOTOKA MPU OOTEKAaHWH MM HETOJBUYKHOTO
11apa JIErKO PACCUUTHIBAETCS C HOMOMIBIO MOJTYYEHHBIX BBIPAKEHHUH ISl BeKTopa ckopocTu U . Jis

9TOro CcCJaeayer YydceCTb, 4YTO IIOJIHad CKOPOCTb \I/ B 000 TOYKE BO3MYIICHHOI'O IIOTOKa

VN ! r o
OIpeaAcCIACTCA CYMMOU V =V +u, Hu OIpeaAcCINTb USMCHCHUC KHHCTUYCCKOM JSHCPIrMU, BBI3BAHHOC

npucyTcTBUEM Iapa. OnHako B OOJIBIIMHCTBE CIIy4aeB MHTEPIIPETALUS STOTO SIBJICHUS CBSI3bIBACTCS
C M3MCHEHWSIMH, KOTOPBIC BBI3BIBACT B KHIKOCTH IBIDKyIIeecs Tesio (B JaHHOM cliydae Imap).
PaccmoTpum Takyro moctaHoBKy 3agaud. IlycTh B HadalbHBII MOMEHT BpPEMEHHM B BBIOpaHHOI
CUCTEME OTcueTa JKUIKOCTb MOoKouTcs. IIpeanonoxum, 4YTO B OSTOM KUAKOCTU HAXOAUTCS
HEIIPOHMIIAEMBIN IIap Maccol M, KOTOPBIA HAaYMHAET JABUKEHUE C HYJEBOM HAYAJIBHOW CKOPOCTHIO
1oJ1 AeCTBUEM MOCTOSIHHON cuiibl. CIyCTsl HEKOTOpO€ BpeMsl 1map OyJeT JBUraThCsl OTHOCUTENIBHO
KHUJIKOCTU € 3a7aHHoiM ckopocthio V. Ilpeamonarasi, uro oOTekaHue Iiapa B JiF0OOMl MOMEHT
SIBJIIETCS] IOTEHIUAIBHBIM, IPUMEHUM K 3TOH 3a7jaue MOJyUYEHHBIE BhIIIE PE3YJIbTATHI.
Jis  omnpeneneHUs CKOPOCTH IAapa MOXHO BOCIOJIb30BaThCS TEOPEMON 00 M3MEHEHUH
KUHETUYECKOW SHEPTUHU CUCTEMBI 1ap + KUIKOCTD:
amv? 0
DT, = DgT T == A
2

rac A— pa60Ta HpI/IJ'IO)KeHHOI\/’I CHJIBI, a Thydr — KMHCTHUYCCKasd SHCPIrusd BOSMYIICHUSA ) KUAKOCTH. Ecan

B pacCcMaTpHBAeMblii MOMEHT LIEHTp JABMKYIIErocs IIapa COBMNAJAeT ¢ HayaioM (HEMOJBUKHOI)
CHCTEMBI OTCYETa, TO PpACIpeeNeHHe CKOPOCTeH >KMIKOCTH, OOTEKaloIel HSTOT Iap JaeTcs
BBIPAKEHUEM s U

l=-v(a/r)¥cosd,sind/2,0},

a INIOTHOCTh KNHETUYECKOMN OHEPIrun BOSMYHIGHHOI\/’I )KI/I)IKOCTI/I -

r rv?
t —L——(a/r) cos’ J +sin? JY
2 2 4 ),
WHTErpupys 3TO BRIPAKCHUE M0 BCEMY 00BEMY, TTOIYIUM KI/IHGTI/IT-IGCKyIO SHEPTUIO BO3MYIICHUS
r V 2 p

T,

ydr

2p0§|anJ1coszJ +4sm J\E(‘jzdr(a/ rf

a
Brinonuas HHTCIPpHUPOBAHUEC, ITOTYYUM OKOHYATCIbHO.
rv?2pa® _mv?
Tha =75 75T
]

mhtml: http://mwww.chizh2006.narod.ru/Part 2.mht 10/2/2005



http://www.chizh2006.narod.ru/Part_2.mht

JIBmkeHME HeaabHON KUJIKOCTH Page 5 of 12

m=r 2pa’
I'IIe BBEIEHO 0003HaYeHE 3

[TockonbKy SHEPIHsi BOSMYLIEHUS B KUIKOCTH ONPENEIIAETCS JINIIb CKOPOCTHIO ABMKEHUS 11apa,
a Macca JKHJKOCTH, BOBJICUEHHOHN B JIBUKEHUE, HE 3aBUCUT OT €ro CKOPOCTH, CyMMapHasi dHEPIus
CUCTEMBI OKAa3bIBACTCS MPOIOPLUOHAIBHON KUHETHYECKOW HSHEPrHM ABIKYILETOCs Iapa. Y4er
SHEPruM KUAKOCTH, TPUBEACHHONM B JBUKEHHE, MOXHO IIPOM3BECTH, J00aBisis K Macce
JBIOKYILIETOCS] 1Iapa <«IPUCOEIUHEHHYI0» Maccy M. Takum o00pa3oMm, KHHETHYECKas HHEPrus
CUCTEMBI IIAp + JKUIAKOCTh BBIPAKAETCA BBEACHUEM INPHUCOCAUHEHHOM Maccel: M (=M +m.

Teopema 00 M3MEHEHUM HHEPTHUM CUCTEMBl MO3BOJSET MOJYUYHUTh 3(PPEKTUBHOE AMHAMHUYECKOE
ypaBHEHUE JBM)KEHUS 11apa B KHUIKOCTH:
1
ME=F,
BUJ KOTOPOI'O COBNAAAET ¢ ypaBHeHUE HbI0TOHA, HO KOTOPOE ONKCHIBAET IBUKEHUE CUCTEMBI 1Iap +
AKHUJIKOCTb.
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2) Oomexanue yunUHOPA CMAYUOHAPHBIM HOMOKOM C UUPKYIAUUEI

IIpennonoxenne o0 aKCHAJIBHOW CHMMETPHUM OOTEKAIOLIEr0 IMOTOKA B psALE CIydyacB He
BBIMIOJIHSETCS. DTO MOXKET SIBJISATHCSA CIIEACTBUEM KaK aCUMMETPUM OOTEeKaeMbIX Tejl, Tak |
M3MEHEHHUs TPaHUYHBIX yCI0BHH. PaccMoTpuM npocteiinnyo Mojiesib — 00TeKaHne HEITPOHUIIAEMOT0
LWIMHApPA paadyca @, PacHoJIOKEHHOIO IEPHEHIUKYISIPHO IMOTOKY HJICAJbHOM HECKUMAEMOU
Xuakoctu. byaem cuntarh, 4TO BCIOy B 00JI1aCTH, 3aHITON KUJKOCTHIO, IBM)KEHHE TTOTEHIIUAIIBHO,
T. €. paclpejielieHHe CKOPOCTEH OIUCHIBACTCS MOTEHI[MAIOM CKOPOCTH | , YIOBIECTBOPSIOIIMM

ypaBHeHUIO Jlamiaca B UMIMHAPUYECKUX KOOpAUHATax I,J :

11 o+1‘|12j

rqr 8 Irg r?qa?
C YCJ'IOBI/IGM HerOHI/IHaCMOCTI/I
AR
1Ir |
ByHeM KaK " paHee CUHUTATh, YTO BO3MyIHeHI/Ie IIOTOKAa XKUAKOCTHU, BHOCHUMOC III/IJ'H/IHZ[pOM, Y6BIBaCT
Ha 6CCKOHCT-IHOCTI/I, YTO O1aC€T aCUMIITOTHYCCKOC ITIOBCACHUEC ITOTCHITHUAJIA CKOpOCTI/I

j | gy =Vyrcosd

Perynspuoe pemenue ypaBHeHus Jlamaca, yAOBIETBOPSIOLIEE CAEIAHHBIM MPEIIOIOKEHUSM,
MOKET OBITh TIOJYY€HO METOIOM pa3ieNIeHHUs IEPEMEHHBIX U UMEET BUI:
2 e

e a’d
o =V gr +—=cosJ
r

VY4yecTh acUMMETpPUIO OOTEKaHUS MOXKHO IyTeM A00aBi€HHS K NOTEHUUAILy CUMMETPUYHOTO

. C
: =—J
pacrpenesieHusi CKOpoCTer | ¢ MoTeHIMana HUPKyISIUI 1= 2p
2 .
. 0
] =l ot] =V gr +a——cosJ +EJ
2p

OTO NPUBOAUT K ACUMMETPUYHOMY OTHOCHUTEIIBHO ropH30HTaﬂbH0171 JUAMETPAIIBHON TUIOCKOCTH
LHUIMHAPA PACIPENEIICHUIO CKopOCTeI‘/'I ITOTOKA!

a*o G
V, —V g —_COSJ V, :'V¥?+ngnJ +2—pr.

Takoe mose ckopocTeil sBIseTcsl BCIOy O€3BUXPEBbIM, KpoMe TOUKU = (0. OAHAKO LUPKYISLHS

BEKTOPa CKOPOCTH 110 KOHTYpY C,, 0XBaThIBAIOMIEMY HWIMH/IP, OTIMYHA OT HYJIS:

ror
@/dr =G
c
Brranciisist ¢ moMonipro nHTErpaia bepHym nosie 1aBieHui, Moxy4yaem
2
reG. G
p(d)=p, - - 2V, §nJ?
2 2pa o .

Otcrona onpenensieTcs cuia, IeHCTBYIOIIAs HA €UHUILY JUIMHBI [IUJIMHAPA, HAXOASILIErocs B MOTOKE
C IUPKYJIALKNEH, KOTOpas UMEET CJIeIYIOINE KOMIIOHEHTHI:

2
. =- Op()acosidl =0

0 ’
2

F,=- op(0)asinddd =-rV,G

y
0

TakuMm 00pa3oM, MOTOK HJ€AILHOM HEC)KMMAeMOM JKHAKOCTH JCHCTBYET HA IIHWIUHIDP C CHUJIOH,
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NEPIEHIUKYJISIPHOW HANpPaBICHUIO CKOPOCTH HEBO3MYLIEHHOIO IOTOKAa. JTa Cuja Ha3blBaeTcs
MObEMHOMU cHioi JKyKOBCKOrO.

3. CTaunoHapHoe U3IHTPONUIIHOE TeYeHue raza

B paccMoTpeHHBIX TpUMeEpax MPOIECChl CKATHS CIIOMIHON CpeIbl ObLUTH HECYIIECTBEHHBIMH, YTO
MO3BOJISUIO HCMOJIb30BATh MOJENIb HEC)KUMAEMOW HJICAIbHOM >KUAKOCTH. PaccMoTpuM Tenephb
pUMeEpHI, Koraa o0beMHbIe e OpMaIi CPeIbl CYIIECTBEHHBI. byieM Ha3bIBaTh TaKylO CIDIONMIHYIO
cpeny razoM. OrpaHuyuMCS pPAcCMOTPEHHUEM TIPOIECCOB, B KOTOPBIX BS3KOCTHIO MOKHO
npeHedpeus. s ynporieHuss Mojenu Oy/ieM CUMTaTh, YTO pacCMaTpUBAEMBbI HAMHU Ta3 SIBISETCA
WJealbHbIM, T. €. YPAaBHEHME COCTOSIHHMSI 3TOro ra3za — ypaBHeHue Kiameiipona — Menzeneesa,
KOTOPOE B IIEPEMEHHBIX CIUIOIIHON CPeIbl UMEET BU/L:

p=rrT,

rae ' =MV - motHocTh raza, a I = R/m .

VYpaBHEHHE COCTOSIHUS JA€T 3aBHUCUMOCTh JABJICHHMS OT JBYX [apaMeTpOB — IUIOTHOCTH M
TEMIEPATypbl U MPUMEHUMO JUIsl JTF0ObIX MporieccoB. Eciu onpeaenuTs KOHKPETHBIN BU/JT ITpoliecca,
HanpUMep U30TEepPMUUYECKUI WK aanaOaTHBIN, TO OJHY U3 MEPEMEHHBIX YAeTCsl UCKIIIOUNTh. Takum
o0pa3oM, y4yeT TepMOJAMHAMUYECKHUX CBOMICTB CHUCTEMBI J1a€T HEOOXOIUMYyH HH(OpPMALUIO IS
IIOJIHOTO PELICHUS 33/1a4 O JIBUKEHHUH rasa.

PaccmoTpum B KauecTBe NmpuMepa CTallMOHAPHOE TEYEHUE raza Mo Tpyoe NepeMEHHOr0 CeYeHHUs,
MEJUIEHHO M3MEHSIOIIETOCs 110 HAPABIECHUIO IIOTOKA.

ByneM cuutath, 4TO ceyeHHre TPyObl 3aJaHO KaK (PYHKLIUS KOOPAMHATHL S = S(X), a MOTOK Tas3a
SABJIICTCA OAHOMEPHBIM, T. €. €r0 MEXaHUYECKUE U TEPMOAUHAMUYECKUE XAPAKTEPUCTUKU TAKKE
SIBJISTFOTCST (DYHKIIMSIMU TOJIBKO OJHOM KOOpAUHATHI: P = p(X) , =T (X) LT = T(X) , U= U(X) .

3ameTuM, 4YTO BBIOpaHHAs MOJEIb HE CBOOOJHA OT BHYTPEHHUX NPOTUBOPEUYHH, MOCKOIBKY
MMEHHO COCTAaBIIAIONIAs CKOPOCTH TIOTOKA, TNEPHEHAUKYJSIpHAasE OCH TPyObl oOecreyuBaeT

BBITIOJIHEHHUE YCIIOBUS HENIPEpbIBHOCTHU. [10 3TOM nmpuyuHe Mbl 3amuileM ypaBHEHUE HEIPEPHIBHOCTH
B UHTETPAJIbHOI (popMe, YUUTHIBAIOLIEH 3TOT JePEKT MOJIEIH.

r uS = const
VYpaBHeHue Ditsiepa B MPOCKIIMK HA HAIIPABJICHUE BJOJIb OCH TPYObI UIMEET BH]I
y du _ 1dp
dx rodx.

B oOmeM cinyuyae [aBieHue rasa ONpEAEISCTCS €ro IUIOTHOCTBIO M TEMIIEpaTypoll u3
TEPMHUYECKOTI0 YPAaBHEHUS COCTOSTHUSL:

p=p(r.T)
Byznem cuutaTh ras ujeajibHbIM, a €ro JBUKEHHE 0apOTPONHBIM P = p(r ) B sTom ciyyae npaBas
4acTb ypaBHEHUs Diljiepa MOXKET OBITh PEJICTABICHA B BUJIE
dp _dp de
dx  dg dx .

[Tpou3BoHAs IUIOTHOCTH OMPEIEIIACTCS U3 YPABHCHHUS HENIPEPHIBHOCTH:
l1dr 1du 1dS
S+ 4+ = =0
rdx udx Sdx ,
TaK YTO ypaBHEHHUE Diiyiepa CBOTUTCS K BHILY
udu _dp &l du N 1dSo
dx de Sudx S dx 2,
qTO ITIO3BOJIACT OHpe)leJII/ITb CKOpOCTB U JAaBJICHHUC B KaXIOM CCUCHUHN TPY6BI, €CJIN H3BECTHAa
ckopocTh U=U, B ceuennn S= 5.

Paccmotpum 6omee moapoOHO aguadbaTHUeCKuil Ipolece, CYUTast MPOoILeCcChl 0OPaTUMBIMHU.
B srom ciywae ans BBIYMCIIEHUS NPaBOM 4YacTW ypaBHEHMsI Diiepa ya00HO OOpaTUThCS K
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MEPBOMY HAYaJIy TEPMOJUHAMUKH:

dg=de+ pdv=0,
Tepmuueckoe ypasnenue (Knaneiipona—Menpeneesa) naer cooTHomenue Pdv+vdp =rdT

KOTOPOE BMECTE C KaJOpUYECKUM ypaBHeHHMEM G, = CONSt onpenenser ymenbHYH BHYTPEHHIOH

sHepruo upaeanbHoro raza €=C,T u ¢ yuerom coorHomenus Maitepa Cp =& +T nospomser

MIPECTaBUTh MPABYIO YacTh ypaBHEHUs Diinepa B Buje nuddepennuana:
du dT
U—=-¢,—
dx dx -

OTO AaeT MHTErpall ypaBHeHuUs Diiepa:

u2

7 + CpT = const

4
Beanunna CpT SIBJSIETCS YJIETIbHOW SHTAJIBIIUEN UIEAJIBHOTO T'a3a, BBEJICHHOW paHee:
c,I =¢, T +rT =e+pv=w

TaK YTO IMOJIyYEHHbI HaMM HHTErpaji sBiseTcs uHTerpajioM bepHyum B oTcyTcTBHE OOBEMHBIX

CHUII.
2

u
7+w:const

U3 cootHomienus (4) ciaeayer, 4To TeMieparypa B ainadaTHYeCKOM MOTOKE T'a3a yMEHBINACTCS C
POCTOM €ro CKOPOCTH. B 4YacTHOCTH, eclM B HEKOTOPOM CEueHHMH TpyObl <), Te CKOpPOCTb

_ 2
UIeaNbHOTO Tra3a MpeHeOpeXXKMMO Maja, Temieparypa paBHa o, TO T(u)=T,-u / 2c, .

MaxkcumanbHO BO3MOJKHAsi CKOPOCTb TEUYEHHsI ra3a Mo TpyOe B 3TOM clyyae OIpeaesseTcs
CeueHueM, Ie TeMIepaTypa raza paBHa HyJIrO

Unex =+/2C,To .

VYpaBHeHne OJiiiepa W ypaBHEHHE HENPEPHIBHOCTH MO3BOJSIIOT OINPENEIUTh 3aBUCHMOCTD
CKOPOCTH TEUYEHHS OT IUIOMIaJX MOIMEpeYHoro ceueHus. [IpeoOpa3dyeM mpaBylo 4acTh ypaBHEHHS
Diinepa:

du _ lagpo dr _Czeé-—%‘i' 1dSo

dx r dradx 8u dx Sdxg,

IIIe BBEIEHO 0003HAYCHUE

IMOKAa3aHO B CJICAYIOLICM pa3aciic, ABIACTCA CKOPOCTBIO 3BYKa B ra3€¢ B JaHHOM CCUHCHUHU. OTCIO)Ia
MoJIiy4ya€M YpPaBHCHHUC, CBA3BIBAIOIICEC CKOPOCTD ITOTOKA U CCUCHHE pr6bl:

(42 - o) du_uds
dx Sdx-
du <
Ono HazbiBaeTcs ypaBHeHHeM [toronno6. M3 Hero crienyer, 4To mpu u<c ds , T. €. IIpU
CKOPOCTH JBHKEHHs ITOTOKA B JAHHOM CEYEHHMH, MEHBIIEM CKOPOCTH 3BYKd, YMEHBUICHUE CEUECHUS
du S
TpyOBl MPUBOAMUT K POCTY CKOpocTH mortoka. [Ipum u>c ds T. €. IIPU CKOPOCTH JBWKCHUS
IIOTOKA, NPEBBIMIAIONIEH CKOPOCTh 3BYKA, YBEIMYECHHE CEUYECHHs IPUBOJUT K YBEIUYECHHUIO €r0

ckopocTu. Eciin CKOpOCTB TeUeHHst B HEKOTOPOM CEYEHMH S = S. paBHAa MECTHOM CKOPOCTH 3BYKa B

noroke U. =C., TO TaKoe CEUEHUE HA3BIBACTCS KPUTHYECKUM.
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[lonydyeHHble pe3ynbTaThl MMEIOT OOJIBIIOE MPUKIAJAHOE 3HAYEHHE JUISI CO3JIaHUSl CUCTEM
YCKOpAIOIIMX TOTOK Traza. Ilpu HeoOXxomumocTu pa3zorHate ra3 Jo OOJIBIIOW CKOPOCTH,
MIPEBBILIAIOIIEH CKOPOCTh 3BYKa, CeUeHUe TPYObl JOKHO BHAaYalle YMEHbIIATHCS O KPUTHUECKOTO,
B KOTOPOM CKOpPOCTb IOTOKa JOCTUIAaeT MECTHOW CKOpPOCTHU 3ByKa, a 3aTeM yBenuuuBaThbcs. TpyOa
TAKOI'0 CEUEHUs Ha3bIBaeTcs coruioM JlaBans u BnepBble ObUIa IPUMEHEHA B TapOBOM TypOUHE.

— g
Jns aquaGate [Tyaccona p(r)=py(r/r o) CKOPOCTB 3BYKa JIETKO BBIYHCIISETCH:

:gﬁzg‘T

OTO COOTHOIIEHUE MO3BOJISIET BbIPA3UTh BHYTPCHHIOIO JSHCPTHIO W I3HTAJIBIIMIO HACAJIBHOI'O rasa
4epe3 CKOpOCTh 3BYKa:

1c c?

w=cT=
gg-1, g-1.

p
2
Eciu ckopocTh 3ByKa B TTOKosmIemcs rase pasHa Cy (Co = I Ty), To ypasrenne Beprymm

e=g,

cT: +c T

u?

2 "

IMMO3BOJIACT OIPCACINTE CKOPOCTh TCUCHUA ra3a B KPUTHICCKOM CCYHCHHU U
2

g+1

M OIIPECACIUTH 3aBUCUMOCTh TEMIIEPATypPhbl OT CKOPOCTH IIOTOKA.

()T?gluo

2 ¢y

VYpaBueHnue coctossHus U aguadaTa [lyaccoHa mo3BOSIOT BEIYMCIUTH 3aBUCUMOCTD OT CKOPOCTH
IUIOTHOCTH M IABJICHUS UACAIBHOTO rasa.

C. =¢,

S o

-1 Og

p=r, 8.9 1u g p=p,f- 100

2 G o g 2 G o

HpI/IBCHCM TAK)XEC 3HAUYCHU A KpI/ITI/I‘-ICCKI/IX HapaMCTpOB IIOTOKA.

o kS
T.=T, 2 = pe s’ F2 o

g+1, °§g+1‘ §g+1‘

4. Pa3pbIBHOE TeuyeHUe raza B Tpy0Oe NOCTOSIHHOTO CeYeHu sl

B psinme cioydaeB ABMXKCHHE ra3a MPOMCXOMUT TaK, YTO €ro XapakTepUCTUKU (IUIOTHOCTH,
CKOPOCTb, JIaBJICHHUE) SIBJISIOTCS pa3pbiBHbIMU (yHKIusMH. Kak MoKa3bIBaeT aHaIM3, JOMYCTHMO
CYILLECTBOBAHME JIBYX TUIIOB pa3pbiBOB. OJIMH U3 HUX HE COMPOBOXKAAECTCS MEPEHOCOM MACChl Yepes
IIOBEPXHOCTh pa3pbiBa. Takoil pa3pblB Ha3bIBAECTCS TaHICHIMUAIbHBIM. Jlpyroil Tui paspbiBa
CONPOBOXK/AAETCS IIEPEHOCOM BEIIECTBA 4Yepe3 IpaHMULly pa3pbiBa. Takue pa3pbiBbl Ha3bIBAKOTCS
YIApHBIMU BOJIHAMU, U MBI PACCMOTPHUM CEMYac MPOCTEUIIYIO MOJENb 3TOTO SBJICHHUS.

[Ipenmnonoxxum, 4To JBUKEHHE MPOUCXOIUT MO TPyOE MOCTOSSHHOIO cedeHus BAoiab ocu OX Tak,
4TO IIPU X = 0 MMEETCs CKAYOK XAPAKTEPUCTHK.

JUis omnucaHus pa3phIBHOIO TEUEHHUS YpaBHEHMs JABMKEHUS B JuddepenumanbHoil dopme
HEMPUTOJIHBI, TO3TOMY MbI Oy/IEM HCIOJIb30BAaTh HHTETPAJIbHBIE COOTHOIICHHUS.
3aKOH COXpaHEHUsI MacChl B UHTErpaibHON hopme

la(xk)dv: - gy uds,
Tty s

IMPUMCHUTCIIBHO K pacCMaTpuBacMOMy CJIydar0 CTAllMOHAPHOI'O ABUKCHUA I1O pr6e IIOCTOSITHHOI'O
CCUYCHUA AACT IIPOCTOC BBIPAKCHHUC.
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ru =r,u,.
3nech nHACKCaMu 1 1 2 oTMEUeHBI TapaMeTphl T'a3a JI0 U IMOCIie CKadka B ceueHnn X = 0.

Nwmiynbsce ra3a B BBIIETIEHHOM KOHTPOJBRHOM OOBEME M3MEHSETCS 3a CUeT MEPeHOca MMITYJIhca
Yyepe3 KOHTPOJIbHYIO MTOBEPXHOCTh U MOJ AEHCTBUEM IMOBEPXHOCTHBIX CHJI:

7. \ <
ﬁd(xk)uid :'@Uiukdsk"'@ikdsk
v s s

Jliig paccMaTpuBaeMoro ciayyasi 3Ta TeopeMa NpUHUMAET BUL:
rou;-r,u =p - p,

Heckonbko ciiokHee nmpuMeHeHHe 3aKOHOB TEPMOJMHAMUKH JUIsl Pa3pbIBHOTO TeueHus. Jleno B
TOM, YTO TEPMOJUHAMHUYECKHE XapaKTEPUCTUKU ra3a BBEJICHBI TOJBKO ISl PABHOBECHOW CHUCTEMBI,
Korja Jiro00i 3JeMeHTapHbIi 00beM HAXOIMUTCS B COCTOSHUM TEPMOAMHAMUYECKOTO PaBHOBECHS.
ITpu nBM>KEeHUU rasa ciieBa U cIpaBa OT pa3pbiBa 3TO 0e3yciI0BHO BepHO. OJHAKO, HA CAMOM CKayKe
000N CKOJIb YTOJHO MaJblii 3J€MEHTAapHBIH 00BbEM IEPECTaeT yAOBIETBOPATh HYJIEBOMY Hayaily
TepMoauHaMuKu. llosToMy annabaTueckoe TeueHUEe Tra3a IpU MPOXOXKJACHUU Yepe3 CKAuoK
[apaMeTpoB MepecTaeT ObITh U3PHTPONUMHBIM. OUEBHIHO, YTO HEPABHOBECHBIE MTPOLIECCHI, KOTOPHIE
MIPOUCXOASAT B BBIACIIEHHOM 3JIEMEHTapHOM OOBEME IpU MNPOXOXKIECHUU CKayka I[1apaMeTpoB,
COIIPOBOXKAAIOTCA pocToM 3HTponuu. ClenoBaTelbHO, UCNONb30BaHUE anuabaTsl Ilyaccona s
YCTaHOBJICHUSI COOTHOULICHHSI MEXIY JaBJICHHEM M IUIOTHOCTHbIO Ta3a HEBO3MOXHO. [loaTomy Mbl
BEPHEMCSI K OCHOBHOMY IOCTYyJIaTy — IE€PBOMY Hadajly TepMoAMHaMHKU. OJIHAKO, MpUMEHEHHE
NIEPBOro Havajia TpeOyeT HEKOTOPbIX JOMOiIHEeHUH. [locTynarel TepMoIuHAMUKN CHOPMYIUPOBAHBI
JUI CUCTEMBl OTCYETa, B KOTOPOH TepMOJAMHAMUYECKas CUCTeMa MOKOUTCS Kak nenoe. [loatomy
BHYTPEHHSSI SHEPrus, U3MEHEHHE KOTOPOH paccMaTpUBAETCsl, BKIKOYAET JIUIIb CPEIHIOI SHEPIHI0
Xa0TUYECKOI0 JBUKEHHS

dg = de- rﬁzdr

B HamewMm ciyuae ra3 ABHXKETCS C HEKOTOPOUM CKOPOCTBIO, IIOATOMY MbI paCCMOTPUM M3MEHEHHE HE
BHYTpPEHHEN »Hepruu, a mnoiHou. Ha ocHoBanum Teopemsl Kenura oHa paBHa CymMMe DHEPIrUH
JBIDKEHUS «IEHTPAa MAacc» W SHEPIHM ABWKEHUS OTHOCUTEIBHO LEHTpPA Macc, T. €. BHYTPEHHEH
sHeprud (Mocie yCpeTHeHus ).

IIpu aguabaTvyeckoM MpoIecce W3MEHEHHME IIOJIHOM DSHEPrud B BBIJCIEHHOM O00beMe
MIPOMCXOAUT 3a CYET MEepeHOoca PHEPrHH MOTOKOM 4Yepe3 IpaHully oObeMa U 3a cueT padoThl CHI
JABJICHUS, JCUCTBYIOIIMX HA rpaHuIle. B paccmaTpuBaeMoM Cilydae 3TO JaeT ypaBHEHHUE:

&  uo &  uo_
FoUE€ +—-2- U6 +—-== pU - P,
g 2 g g 2 g .

DTO ypaBHEHHUE C yYETOM C YPaBHEHMsI HENPEPBIBHOCTU NPHUBOAUT K ypaBHeHHIO bepHyiu, B
KOTOpPO€E BXOAUT DHTAIBIINA CUCTEMbl W = €+ p/r:

U _ o, U
W, +—2 =W, +—+
2 2

Bmecre ¢ ypaBHeHHSIMHU cocTOsiHUS uaeanbHOro raza (Kianeiipona-MenneneeBa) P = (g - 1)f ewu

€=C, T cucrema sBnseTCs NOJIHOM cHCTEMOI ypaBHEHMIT, ONUCHIBAIONIEH pa3pbIBHOE TEUEHHUE Ia3a.

Wckmroyas 3 3TOH CUCTEMBI CKOPOCTH MOTOKA, MOXKHO IOJIyYUTh COOTHOILEHHUE, CBSI3bIBAIOLIEE
IUIOTHOCTH U JIaBJICHHE Ia3a 110 00€ CTOPOHBI OT pa3phIBa:

_ (rz' rl)(p1+p2)_
a-&t rpr, =0

B mnocnegHeM COOTHOIIEHWHM HE WCIOIB30BaHBI MPEANOJIOKEHUS O TEPMOJIMHAMUYCCKUX
XapaKTEepUCTUKaX Ta3a (ero MIACalbHOCTH) U OHO IMO3BOJIACT ONPEICIIUTH JABJICHUE Ta3a IOcIie
MIPOXOXKJICHUSI pa3pbiBa Kak (PYHKIIUIO €r0 IJIOTHOCTH. Takasi 3aBUCHMOCTHh Ha3bIBACTCS YIapHOU
agunabaro wnm aauabaror [roronwmo. B ornmume oT paccMmarpuBaBiIeiics paHee aanadaThl
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— g o
[Tyaccona P, = pl(r 2/ r 1) , JaBJICHUE B yJapHON aanabare 3aBUCUT HE TOJIBKO OT IJIOTHOCTH

rasa Iocje paspbiBa, HO M OT HAYAJIbHBIX XapaKTEpPUCTUK P; m I';. g Mozxenu maeanbHOro rasa

3Ta 3aBUCUMOCTb UMCCT BHU/.

_ (g+1)z- (g- 1)
P2 = Pig+1)- (o- 1)z,

rme Z=r,/I', — OTHONIeHNe IUIOTHOCTeH rasa. Ha pucyHke m300paxeHsl angmabarta IlyaccoHa n

T'roroumno.

10 T

Puc.
Anmna6ata I[Tyaccona (mynkrup) u ['toroHuno (CruioriHas)
[Tpu 3a7aHHOM HaYaJIbHOM COCTOSIHMHM Ta3a Iepell CKayKoM 3aJaHue JIMIIb OJJHOTO Hapamerpa

IMOCJIC CKa4Ka, HAIIPUMEP r,, OIpEACIIACT AaBJICHUC ra3a, a CJICA0BATCIbHO, U BCEX OCTAJIBHBIX €TI0

napamMeTpoB. (OYeBHIHO, YTO TUIOTHOCTh Ta3a HE MOXET OBITh CKOJIb YTOJHO OOJBIIOM.

; . g+1
=r, >
MakcHManbHOE 3HAYCHHE IUIOTHOCTH g-1. Jlns wumpeanpHOro OJHOATOMHOIO Tasa
g:Cp/Cv :5/3,TaKLIT0 Zoo =4, a s Bo3ayXa Zpp = 6.
L_pl

OTHOIITeHHe TeMIepaTyp 10 U Hoce paspsiBa 1, P Z.

Kak orMeuanochk BbllI€, IIPOXOXKICHUE T'a30M IMOBEPXHOCTH PA3phIBa SABIISAETCS HEPABHOBECHBIM
IIPOLIECCOM. Y CTaHOBJICHHE TEPMOJUHAMUYECKOIO PABHOBECHs [JOJDKHO IPUBOJIUTH K POCTY
SHTPONHUU Ta3a. BEIYUCINM U3MEHEHHE YICIbHOM SHTPOIMH, BOCIIOIb30BaBIINCH COOTHOIIICHUEM (4)
JUIA UACAIBHOTO ra3a

s=¢, In(p/r®).
HOHCTaBHfIﬂ Croaa 3HA4YCHHA JaBJICHUSA, IIOJTYYUM AJII U3MCHCHH A 3HTpOHI/H/I:

Ds=s,- 5 =0 In§g+l)z' (- 1)xi9

(9+1)- (9- 1)z 5.
PocT SHTponMH B CHCTEME BO3MOYKEH JIHIIb MpH ycaosuu Z=T,/r >1 xorma U, <U,, T. e. mpu

TOPMOXKEHMH Ta3a B YJapHOM BOJHE. DTO YCJIOBHME OIpEAEseT HalpaBJICHHWE IPOLIECCOB IMpHU
pa3peiBHOM TedeHuu raza. CKOpOCTH TOTOKa [0 W TOCJE pa3pblBa MOXKHO BBIPA3UTh Uepe3
COOTBETCTBYIOIINE CKOPOCTH 3BYyKa. [IpM 3aaHHOM OTHOIIEHWM JABJICHUW OHHU OIPEICISICTCS

BBIp AXKCHUSIMU.
(22 R
Jg+1)- (g- 1)z, * 7 Jlg+1z- (9- 1),

rae C =1/l 1 C =/%0,/I ; —ckopocTH 3ByKa B [IOTOKE CIICBA H CIIPaBa OT Pa3phiBa.

Kak cnenyer u3 npuBeneHHbIX cooTHomenud U, > €, a U, <C,, mpuuem U, = U, /X <u,. Takum

u =¢

o0pa3zoM, MOTOK rasa, BTEKAIOUUI B yJapHYI BOJHY, MMEET CBEPX3BYKOBYIO CKOPOCTb, a IOTOK
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3aTOPMO3UBLICTOCA I'a3a — JO3BYKOBYIO.
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