Paznea 111. BoaiHoBoe aBu:keHue

1. BosiHoBBIE€ YpaBHEHMSI

[Ipu onucanum cpeabl B MEPEMEHHBIX Dilfiepa (PU3NUECKHE XapaKTEPUCTUKU €€ OINpPEAesSIoTCs
3aJaHUECM HeKOTOpOﬁ BCINYHHBI (I/IJ'II/I COBOKYITHOCTHU (1)I/IBI/I‘I€CKI/IX BGJII/I‘II/IH) B Kamnoﬁ TOYKC
IIpoCTpaHCTBA B I[aHHBIﬁ MOMCHT BpPCMCHH. NU3MeHeHne »OTUX BEIWYUH (B I[aHHOﬁ TOYKE
HpOCTpaHCTBa) C TCUCHUCM BPCMCHU HA3BIBACTCA NBUKCHUCM.

CpCI[I/I BO3MOXHBIX I[BI/I)KCHI/Iﬁ CTIJIOIITHOM CpeAanl BBIACIACTCA BOJTHOBOC ABHXXCHHUEC, KOTOPOC B
OOJILIIINHCTBE CJIY4a€B MOKHO MHTCPIPECTHUPOBATH, KaK MOCICAOBATCIIbHOC MCPEMCUICHUC 3HAYCHUHN
(GU3NYECKUX BEIUYMH, 33JIaHHBIX B HEKOTOPBIM (HAYalbHBIM) MOMEHT BPEMEHH B OIPEICICHHBIX
TOYKAaX IMPOCTPAHCTBA OT OJHOM TOYkM K Apyroil. I[IpeacraBneHne O BOJTHOBOM JBHKEHUU B

NPOCTENIIIEM Cllydae WILTIOCTPUPYETCS OAHOMEPHBIM aBrkeHueM. Ilycts mpu t=0 B Hekoropoit
obmactn mpoctpanctBa 0 <X<I| s3amamo mawaneHOe pacnpeneneHue (UNIECKOH BETMUMHBI

(HammpuMep, TUIOTHOCTH MAacChl) C TIOMOIIBIO (PYHKIUU: p(X, 0): f(X). JIBrkeHne Ha3bIBaeTCs
BOJHOBBIM, €CIM C TEYEHHWEM BpPEMEHM U3MEHEHUE pACIpENCNICHUs IUIOTHOCTH  MOXKHO
MHTEpPIPETUPOBATh, HAIPUMEp, KAK CMEILIEHUE HA4daJbHOIO pACIPEIEICHUS B IOJOKHUTEIBHOM

Hanpasienun ocu OX :
p(x.t)= f(x-Vt),
B paccmarpuBaemMoMm ciywyae CMeIIeHHE MpONopuUOHaNbHO BpemeHu. KoaddunueHt
MPOTIOPIIMOHAIIBHOCTH Ha3bIBaeTCs ((pa30BOI) CKOPOCTHIO BOJIHEI.
Ecnu nauanpHOe pacmpenenenue 3amgaHo auddepeHupyeMon (QyHKIHMEH, TO HETPYTHO HalTh
i epeHIMaIbHOEe YpaBHEHHE (B YACTHBIX IPOM3BOJHBIX), KOTOPOMY YJIOBJIETBOPSIET JIaHHOE
BOJIHOBOE JIBUKEHHE CPEJIbI:
% +V % =0
ot ox . (1)
[TonmyuyeHHOE ypaBHEHHE HA3bIBACTCS YPABHEHUEM MPOCTON BOJIHBI.
Ecnu HauanbHOe pacnpesenenue He onuckiBaercs nuddepeHupyemMoil GyHKIMEH, To ypaBHEHNE
BOJIHOBOTO JIBIDKEHUS yJIoOHee 3a/aBaTh B MHTETpajibHOM (hopMe, paccMaTpuBas MEPEHOC BOJIHOU
JTAHHOHM (PM3MUECKOM BEJIMUMHBI (HAIPUMEP MACChl) Yepe3 TPaHUIly BBIJCICHHOTO 00beMa.

X3
m(t) = _[p(x,t)dx
X
M3MeHeHne Macchl B JaHHOM 00JACTH, BHI3BAHHOE BOJHOBHIM JBMIKEHHEM CPEIbI, ONPENESIeTCs
MIOTOKOM €€ Yepe3 TPaHUILy:

Xy
m(t) =2 [p(x,thix =~V [ p(x)do-+V [ plx)ic=—fp(xNds
oty X2 X 5 )
Jns nuddepennupyemoii GyHKINU, HCHONB3Ys TeopeMy ['aycca, 3TO COOTHOLIEHHUE MOXKHO MPUBECTH
K BUAY:
Xy Xy
[ plxthdx = - (p(x) o
;, Ot ;, OX
41O cpa3zy ke aaet auddeperunansuoe ypasuenue (1).
Ecnu cpena sBisieTcsl M30TPOITHOM M JIOMYCKAeT PaclpOCTPaHEHNE BOJH KaK B MOJOXKHUTEIHHOM,
TaK ¥ B OTPHUIIATEIILHOM HAIIPABJICHUH C OJIMHAKOBON CKOPOCTHIO, TO BOJIHOBOE ypaBHeHHE (1) y100HO
3aMEHHTh YPAaBHEHHEM BTOPOTO MOPSIKA:

3

Tp 20,
ot’ ox> (3)
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peleHue KOTOpOTO IPEJCTaBIISIET IIPOU3BOJIBHYIO CYNEpPHO3ULINIO byHKUIMI

p(x,t)= f,(x =Vt)+ f,(x +Vt), ONKCHIBAIOIIMX J[BE BOJIHBI, PACIHPOCTPAHSIONIMECS HABCTPEUY JAPYyT

ApYTY.
ITpencranenne @ypbe NO3BOISIET ONUCHIBATH MPOU3BOJIBHYIO (DYHKIIMIO B BU/I€ HHTErpaia:

p(x.t)= [ Bk, o)explike — otk

b

rae kaxjaas Oypbe-KOMIOHEHTA 5(k,0)) YIOBJIETBOPSIET BOJIHOBOMY YpPaBHEHHIO (3), YTO MPUBOAUT K
COOTHOIIIECHHIO (4), CBA3BIBAIOIIEMY BOJHOBOC YUCIIO K M 4acToTy :

o’ -Vk’=0, (4)
KOTOPOE Ha3bIBACTCS AUCIIEPCUOHHBIM COOTHOIICHUEM.

Pemenre BOTHOBOTO ypaBHEHHS B BHJAE MOHOXPOMATHYECKOW BOJHBI HA3bIBACTCS HOPMATbHOM
BOJIHOW W SIBNISIETCS OOOOIICHHEM pPEIIeHUs JIMHEHHOTO YpaBHEHUS JI OMpEAeNICHUs COOCTBEHHBIX
KOJIeOaHUI CHCTEMBI.

Bo MHOrmx cimydasix pacrnpocTpaHEHHE BOJIHBI B Cpefe COMPOBOXKIACTCS MU3MEHEHUEM (hopMmbl
HayajgbHOTO pacnpeneneHus. Dypbe-pa3noxkeHnue TMpeACTaBIsSeT €CTECTBEHHBIM TOIXO0M s
00001IeHNS TTOHSTHS BOTHOBOTO JIBIKEHUS. J[eliCTBUTENBHO, HAYabHOE pachpe/eneHne Gu3naeckon
BEJIMYUHBI MOXXET OBITh 3aJaHO KaK CYNEPIO3UIMS HOPMAIbHBIX BOJH C Pa3IMYHON CKOPOCTHIO

pacnpocTpaHeHusi. B 3ToM ciaydae MOXHO 3a1aTh v :V(k) wi VY :V(‘D) U MCCIEI0BaTh
pacnpocTpaHeHHe BOJHOBOIrO makera. /Ui ympolneHuss MOCTaBIE€HHOM 3aJadyd MOJOXKHUM, 4TO B
HEKOTOPOH OKPECTHOCTH 3HAYCHHWN BOJHOBOTO uuciia K 33aJaHO TUCIIEPCHOHHOE COOTHOIICHHE (4),

KOTOPOC IMPEACTABJICHO JIMIIb IICPBBIMHA YJICHAMHA PA3JIOKCHUA:
0 10°
w=ok)=0, + 2k-k)+2 = Pk-k) +olk-k,))

; )
o, =1Vk,

IIpocTpaHcTBEHHOE pacipeneneHne (pU3nUecKol BENIWYMHBI MPEICTaBIAETCS B BHJIE MHTErpaia
Dypse:

rac

+00

plx.t)= [ plk, o)explikx—iw, + o) (k ~k, )+ of (k—k, F /2}dk =

—00

+00

= explik, (x—VE)} [ Bk, + k. o)expli(x - ojtk —i(wqt/2)k* jdk

—00

Eciu BOIHOBOI MakeT COCTOHUT M3 rpymibl BOJH C OMU3KUMH 3HAYCHUSIMU BOJIHOBOI'O YMCIa

k—ky| <A
| 0 U OAVMHAKOBBIMU aMIUTUTYAAMH, TO IpHU
BOJIHBI C U3MEHSAIOLIEHCS aMILTATYJOM:

p(x,t) = A(X,t)exp{iko(x —Vt)}’

’ " A2
O)OA >> O)OA BOJIHOBOC pemeHHe UMECT BHU/

e
<0\ [ ; ' ~ 2sin((X — w't)A
Alt) = k) e —oigh o )Tl
ITomyyeHHOE MPOCTPAHCTBEHHOE paclpeeIeHne (GU3HIECKON BETHMYMHBI HA3BIBAETCSA BOJHOBBIM
0m

gr o o
MIaKETOM M PacHpOCTPaAHACTCI CO CKOPOCTBIO ok , Ha3bIBAEMOU T'PYIIIOBOU CKOPOCTHIO BOJIHEIL.
OO6macTh JOKaNMHM3allid BOJIHOBOTO TIAKETa OMPEIENsIeTCS HE pPaBHBIMU HyI0 uieHamMu Dypbe-

pa3ioxKeHus P(k: CO), BHOCSIIIIUMU 3aMETHBIN BKJIaJI B MHTerpai. [Ipu BbIUMCICHUM HHTErpajia MbI
MoJIarajii, 4YT0 OTJIMYHBIC OT HYJIS YWICHBI JAI0T 3aMETHBINA BKJIA]] JIMIIh B MAJIOH OKPECTHOCTH K.
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KBaspaTuyHble 4ieHbl pa3nokeHus (5) IPUBOAAT K U3MEHEHUIO HayalabHON (DOPMBI NIAKETa — €r0
pacIuIbIBAHUIO:
+oo 12 2
. 2n . (X - ooot) T

J;Oexp{i(x — otk - I(mgt/2)k2}ik = ot exps —i Tgtjt i "

SIBneHue paciiblBaHHUs BOJHOBOTO MaKeTa, 00pa30BaHHOIO M3 HOPMAJbHBIX BOJH C Pa3IMYHOU
(a30BON CKOPOCTBIO PACIPOCTpaHEHHUs, HasbIBaeTcs aucrnepcuer (ot sar. Dispersio — paccesHue,
YHUUTOXKEHHUE).

BonHoBOe ypaBHeHHE /715 BOJIH, 001aJal0IIKX TUCTIEPCHEN, HECKOIBKO CI0KHEE PAaCCMOTPEHHOTO
paHnee npocreimero. [Ipumepom mMoxer citykuth ypaBHenue Kinelina-I'opaona

JUIsL KOTOPOTO IMCIIEPCUOHHOE YPaBHEHNE UMEET BU/L
2 21,2 2
o’ (k) =c’k* + o}

®dazoBas CKOPOCTb 3TOUW BOJIHBI

V,, (k)= % =cy/1+ 2 /c’k?

3

a rpyImmosas
om ck
aK)=—-=

e

Ces3p Mexay ($a3oBOW M TPYIIIOBOM CKOPOCTHIO HETpUBHAIbHA. BO3MOXHBI Cillydyau, KOTJa dTH
CKOPOCTH OTJIMYAIOTCS] 3HAKOM..
[TomydyeHHble pe3yNbTaThl AOMYCKAIOT €CTECTBEHHOE 0000IleHne Ha MHOTOMEpPHBbIE CUCTEMBI. B

9TOM Cily4ae MPUXOAMUTCS BMECTO BOJIHOBOIO YKCJIa BBOJIUTH BOJHOBOW BEKTOP K, ONpeneistoIIuii
HaNpaBJICHUE pPACIpPOCTPAaHEHHs BOJHBL. [lOBEPXHOCTh TOCTOSHHOW (a3bl, OINpeneneHHas B
HEKOTOPBIi MOMEHT BpPEMEHHU, Ha3bIBAE€TCS BOJHOBHIM (PpOHTOM. BOIHOBOI BEKTOp oOmpenesseT
HOpMaJIb K BOJTHOBOMY (DpPOHTY — HaIlpaBJICHHE PACIIPOCTPAHEHUS BOJTHBIL.

Jlpyrasi BO3MOXXHOCTb OOOOIICHHUS! TIOHSATHS BOJIHOBOTO JBIDKCHHS CBSI3aHA C PAacCMOTPEHHEM
IIPOLIECCOB NEPEHOCA BBIIEICHHOIO COCTOSHUS CpeAbl CO CKOPOCTBIO, OIPENEIsIEMONH 3TUM
cocTosiHUEM (B Kaxaoil Touke). PaccMoTpuM BHOBH OAHOMEpHYIO BosHy. IlycTh HauanabHOE

pacnpesieieHde 3aaHO Ha HeKOTopoM uHTepBane, Hanpumep 0<X<I|  mekoropoii ¢ynximeit
p(x,0) = f(x), a pacIpOCTPAaHEHHUE BOJIHBI NPOUCXOIUT CO CKOPOCTBIO, ONPEACIAEMON COCTOSTHUEM
cpenbl B JAHHOW TOYKE: v =V(p). B srom ciayuyae B MomeHT Bpemenu t# 0 xoopauHaTta TOUKH,

HMMEBIICH 3HAUYCHUE P(S) U3MEHHUTCS:

X=S+V(f(8))t (6)

910 YPAaBHCHHUEC MOXHO pacCMaTpuBaThb, KaK MapaMCTPHUYCCKOC 3aJaHHWC BOJHOBOI'O PCHICHUA B

IPOM3BOIBHEI MOMEHT BPEMEHH, MOCKONBKY OHO ompexenseT crpykTypy Bomabl P(X1) o
3aJJaHHOMY HadaJbHOMY pacrpenenenuto. Ecnu pacnpenenenue onucbiBaercs auddepeHunpyemon
¢GyHKIMEH, TO HETPyIHO NOIy4yuTh AuddepeHnnanbHoe ypaBHEHHE, KOTOPOMY YIOBJIETBOPSET

BOJIHOBOE JIBMKGHHE paccMmarpuBaeMoro Ttuma. JlelicteurensHo, P(S) ompemenser Bommy B
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MPOU3BOJBHBI MOMEHT BpEMEHH, €Ciii ypaBHeHHe (6) ompenenser (B HEsIBHOW (opMme) 3HAYCHHE

rnapaMmeTpa S=S(X,t) B IPOU3BOJBHBIA MOMEHT BpPEMEHM B [JAHHOM TOYKE IIPOCTPAHCTBA.
JuddeperurpoBanue naer:

d_odpos_ 3 dp_ops_ 0
ox osox Tox ot asat Dt
N3 ypaBHenus (6) ciemyer:
os__1 s___V_
ox 1+V1t ot 1+V1t.

Orcrona mis nuddepennupyemoii dpynxuuu P(X,1) momyuaerca nenuneiinoe muddepennuanstoe
ypaBHEHHE, ONHICHIBAIOIIEE BOTHOBOH MPOIIECC:

op op
—+Vi(p)—=0
ot ’ (p) oX .

VYpaBHEHHE TaKOTO THUIIA HAa3bIBAE€TCS KBa3WJIMHEHHBIM. ONUCAaHHBIA METOJ MOCTPOCHHS PEIICHUS
KBa3WJIMHEHHOTO YpaBHEHHUS HA3bIBA€TCS METOAOM XapakTepuctuk (Pumana). Hamomuum, uto

x = x(t, f,)

XapaKTEPUCTUKON yPaBHEHUS HA3bIBACTCS 3aBUCUMOCTD , OIIpEeACIIAIONIas 3aKOH JIBU)KCHUS

TOYKU C 3aJlaHHBIM 3Ha4eHHeM (PU3MYECKOW BETMUMHBI f, = const JuddepenunpoBanre 3TOro

COOTHOIICHUS IO3BOJIAECT ONPEIEIUTh CKOPOCTh PACIHPOCTPAHEHUs PACCMATPUBAEMOM TOYKU «BJOJb
XapakTepUCTHKW». B  dacTHOCTHM, I  yKa3aHHOTO  HEJIMHEHHOIO  YpPaBHEHMS  CKOPOCTb
pacIpoCTpaHEHHUs IOCTOSTHHA.

OnHO3HaYHOE PEIICHNE YKA3aHHOTO THIIA Ul IPOU3BOJIBHOIO HAYAIBHOIO PACTIPEACIICHUS MOKET
CYLIECTBOBAThH JIMIIb B OTPAHUYCHHONW 00JaCTH MPOCTPAHCTBA B TEUYEHUE OIPAaHMUEHHOI'O MHTEpBaJa
BpPEMEHH.

Paccmorpum npocront npumep. IlycTs, s onpeneneHHocTy, CKOPOCTh PacCIPOCTPAaHEHUsT BOIHBI

_yv P

v (p) =V, —

HPONOPIUOHATBHA BEJIMYMHE BO3MYIICHUS CpPEIbI, T. €. Po , a mawanbHOE pacnpesescHuE
3a/1aHO 3aBUCHMOCTBIO, H300payKeHHOH Ha PUCYHKE

p

Po

Puc.
Hedopmarus npodunst BOJHBI, OOYCIOBICHHAas TeM, YTO CKOPOCTh TOYKH C MaKCHMalIbHBIM

3Ha4YeHHEM P = P TPEBBIIIAET CKOPOCTh BCEX OCTAIBHBIX YUYaCTKOB BOJIHBI, H300pakeHa HA PUCYHKE.
Jlis  paccMOTPEHHOTO pachpeeNieHus] pelieHre TmepecTaeT ObITh OJHO3HAYHOM (yHKIMEH

KOOpAUHATBI IIpU t> to OHpeI[eJ'II/ITb ﬂanLHeﬁmon SBOJIIOIMKO CHCTEMbI C IIOMOIIBIO

i QepeHINaIbHOTO YpaBHEHUS! HEBO3MOXKHO, IIOITOMY JajlbHEHIIee ONHCaHWe Mpolecca Mbl
MPOBEJIEM C TTOMOIIBIO HHTETPATIbHBIX COOTHOIICHUH. KBa3uimHelHOe ypaBHEHUE
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§9+v()§9=0

ot Py
MOKET 6]$ITB Hpel[CTaBHeHO B BUJC
a_p + 82 =0
ot ox ,
rac
®=[V(p)dp_

EMy coOoTBeTCTBYET HHTErpabHOE COOTHOIICHHE:
o
a _[ p(X)dX = (I)(Xl ) - CD(Xz )
X .
s paccMarpuBaeMoro ciydas

p2
© = J.V (p)dp = E

BriOupasi KOHTPOJIBHBIC TIOBEPXHOCTH B TOYKAX, 7€ MOTOK PABEH HYJIIO, MOJYYHM 3aKOH COXPaHCHHS
(Macchl) B BBIZICIIGHHOM 00beMe:

X

[ p(x)dx = const

Xy .
HpCI[HOJIO)KI/IM, qTo B HavaJILHBIN MOMCHT BpPCMCHU HNMECTCA PAa3pbLIBHOC pCIICHUC
(chopmupoBaBIieecst 3 PACCMOTPEHHOTO PaHee HEMPEPHIBHOTO TPEYTOJIBHOTO)

0 Xx<0
p(x)=14p, ¥/l 0<x<I
0 X >

Ecnu npu pganpHEWIIeH 3BOMIOLMHU 3TOTO PEIICHUS MUMEETCS JUIIb €IMHCTBEHHBIM pa3pbIB, TO €r0

KOOp/MHATa B MOMEHT ' = Ui cBsi3aHa ¢ aMIUTMTY 10| BOJTHBI COOTHOLICHHEM

P __Po

X, T+V,t ,
KOTOpOE CIIeAyeT W3 MOAO00US TPEYrOJbHUKOB. 37€Ch MBI MOJAaraeM, 4TO CYIIECTBOBAHHE pa3phbiBa
HUKAaK HE BIIUSET Ha PaCHpOCTPaHEHUE BOJHBI JIEBEE HETO.

Po

Pl _ o __ 2 ____

Puc.
3aKoH cOXpaHEHHs (Macchl) JaeT BTOPOE COOTHOLIEHHE:
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Pol =p X, .
OTcro/1a ClIey€eT 3aKOH JIBUKEHHS Pa3phbiBa — «(DPOHTA yIapPHON BOJIHBI»:
X, (t) = 11+ V,t/l

I[BI/I)KeHI/IC pa3pbiBa IIPOUCXOAUT CO CKOPOCTBIO

%, (t) =V, /2 T+ V,t/1

AMIUIUTY/]a BOJHBI C TEUEHUEM BPEMEHHU yObIBaET:

pl(t): po/\]1+vot/| i

KBasunuHeliHble ypaBHEHHS IIMPOKO MCIHONB3YIOTCA JUIS ONHUCAHWS BOJHOBBIX IPOLIECCOB,
COTIPOBOXKAAIOIIUXCS Aeopmalrels Ha4aTbHOTO PaCIPEICICHNUS.

W3BeCTHBI W MIMPOKO HCIIOJIB3YIOTCS O0OOIMICHUS KBa3WIMHCWHBIX YpPaBHEHHH, OIMCHIBAIOIIHEC
pacnpocTpaHEeHUE BOJHOBBIX MakeToB (creuuanbHOU (opmbl) Oe3 nedopmanuit. I[lpuBemem 5T
YPaBHEHUS U UX PELICHUSA.

1) Ypasuenue KopreBera — ne ®puca (Knd)

DT0 ypaBHEHHE OJIy4aeTcsl JOOABKOM «IUCIIEPCUOHHOIO» UJIeHa:

3
a—u+(l+12u)a—u+a—lj:O
ot OX OX

Pemenue ypasaenust KJI®, yOriBaroniee Ha 66CKOHEYHOCTH, UMEET BU]]

u(x,t)= aTzch‘2 (a(x-(1+a*k+b)2)

rac a, b - IPOU3BOJIbHBIC ITIOCTOSAHHBIC.

_ 2
OHO onMChIBaeT yEANHEHHYIO BOJIHY — COJUTOH, PACIIPOCTPAHSIOIIUNCS CO CKOPOCTHIO V(a)=1+a ,
3aBUCSAIICH OT aMIUTUTYAbI BOJHBI.

f(x) over Range 0 to 1
T

£(x)

Puc
2) Ypasnenue broprepca (c auccunarueii)
2
a,,u g0
ot OX OX

Jlst aTOTO ypaBHEHUS M3BECTHO pelieHue Teinopa («ymapHas BOIHAY), UMEIOIIEE BUI:
u(x,t) = ad{l — th(ax — sa’t/2)}
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f(x)

f(x) over Range 0 to 2
3

-10
-10

Puc

10
10
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